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CRITICAL ANALYSIS OF SOME CRITICISMS OF THE DROPLET MODEL 
H. Krivine 
Division de Physique ~ ~ o r i ~ u e * ,  I n s t i t u t  de Physique NucZe'aire, 
BP 2, 91406 Orsay Cedex, France 
Resume - Nous montrons que dans un s y s t e m  nuc lea i re  semi i n f i n i  l a  formule 
X i - i i Z G l e  de l a  g o u t t e l e t t e  l i q u i d e  r e l i a n t  l a  tension de symetr ie de sur face 
a l a  peau de neutron e s t  necessairement v g r i f i e e ,  pourvu q b ' i l  e x i s t e  une 
densi te  d 'hami l ton ien dependant seulement des densites ( e t  de l e u r s  derivees). 
On e f fec tue  ensu i te  un c a l c u l  auto-coherent dans une plaque. Nous faisons 
f inalement quelques remarques pour l e  cas des noyaux f i n i s .  
Abst ract  - We prove t h a t  i n  the semi i n f i n i t e  nuclear system the d r o p l e t  model 
formula r e l a t i n g  the  sur face symmetry tens ion t o  the neutron s k i n  i s  s a t i s f i e d  
provided there e x i s t s  an hami l ton ian densi ty  i n v o l v i n g  only  the dens i t i es  and 
i t s  der i va t i ves  . We makea f u l l y  s e l f  cons is ten t  c a l c u l a t i o n  i n  a s lab.  We 
f i n a l l y  make some comments about the case of f i n i t e  nuc le i .  
I - INTRODUCTION 
As w e l l  known, the knowledge o f  the sur face symmetry energy Ess i s  re levan t  f o r  the 
c a l c u l a t i o n  o f  f i s s i o n  b a r r i e r s ,  heavy i o n  c o l l i s i o n s ,  b u t  a lso  f o r  understanding 
the s t rength d i s t r i b u t i o n  shape o f  T= l  resonances. I t  i s  a lso  re levan t  f o r  some 
astrophysics e q u i l i b r i u m  ca lcu la t ions  
Unfortunately, ESS remains r a t h e r  undetermined both from experimental data as from 
theore t i ca l  ca lcu la t ions  based on microscopic i n t e r a c t i o n s .  One o f  the major i n t e -  
res ts  o f  the Drop le t  Model Theory (D.P.l.)/l/ from t h i s  p o i n t  o f  view i s  t o  r e l a t e  
simply the sur face symmetry tens ion o6 (4  ~ r ~ * a ~  = ESS, where ro  i s  the nuc lear  
mat ter  rad ius )  t o  the neutron s k i n  t . ( t  i s  a geometrical q u a n t i t y  r e l a t e d  -but  n o t  
d i r e c t l y  - t o  the d i f fe rence  between the neutron and proton rms). This  r e l a t i o n  can 
be w r i t t e n  i n  a nucleus 
J i s  the symmetry-energy o f  the nuc lear  mat ter  w i t h  the  densi ty  prim, i n  the absence 
o f  Coulomb force,b i s  the value a t  the center o f  the l o c a l  asymmetry 6 
- 
I n  the semi i n f i n i t e  matter,  6 = I ( t h e  usual n-p asymmetry c o e f f i c i e n t ) .  
The p roo f  o f  t h i s  r e l a t i o n  given by Myers and Swiatecki i s  r a t h e r  sub t le .  This i s  
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perhaps why i t  was never c r i t i c i z e d  on theore t i ca l  grounds ; however some numerical 
r e s u l t s  have been found, which c o n t r a d i c t  the D.M. theory i n  t h i s  respect  /2 / .  I n  
t h i s  work, we w i  11 f i r s t  concentrate on another d e r i v a t i o n  of the formula (1)  i n  a 
simple case ( s e m i - i n f i n i  t e  nuclear mat ter  o r  slab, no Coulomb energy). We w i l l  prove 
t h a t  the o r i g i n a l  r e s u l t  i s  r i g o r o u s l y  exact  under the two - r a t h e r  general-  assump- 
ti ons 
i )  the nuc lear  forces a r e  s a t u r a t i n g  
i i )  the energy o f  a  fermion system i n  mutual i n t e r a c t i o n  can be described by an 
Hami 1 ton ian  densi ty  X depending on ly  upon the diagonal one-body densi ty  mat r i x .  
I n  the f i r s t  p a r t  o f  t h i s  work, we der ive and analyze eq. (1 ) .  I n  the subsequent 
sec t ion  we g ive  an example o f  c a l c u l a t i o n  o f  06. F i n a l l y  we discuss some problems 
occuring when one takes the case o f  the f i n i t e  nuc le i .  
I 1  - DERIVATION OF THE D.M. FORMULA 
The main d i f f i c u l t y  t o  f o l l o w  the o r i g i n a l  demonstration o f  Myers and Swiatecki l i e s  
i n  the f a c t  t h a t  t h e i r  s t a r t i n g  p o i n t  i s  a  f i n i t e  system w i t h  A nucleons (Couloivb) 
force inc luded) ,  w h i l e  the f i n a l  formulae deal on ly  w i t h  p roper t ies  o f  s e m i - i n f i n i t e  
system. As a r e s u l t ,  they o f t e n  deal  w i t h  q u a n t i t i e s  t h a t  remain f i n i t e ,  as products 
o f  f a c t o r s  going t o  zero l i k e  f 1 - $ ) and t o  i n f i n i t y  w i t h  the surface o f  the 
I 
nucleus. Therefore we t h i n k  t h a t  itLi< simpler  t o  consider the case o f  the s lab  o f  
nuclear mat ter ,  avoid ing any l i m i t i n g  case. 
One w r i t e s  
= P n - P ~ = p s  
and one supposes the mat te r  "on the l e f t "  
Though the sharp equ iva len t  r a d i i  Rn and Rp are meaningless, t h e i r  d i f ference,  
which i s  the neutron sk in,  t, i s  f i n i t e  and def ined by 
Using then eq.(3) one gets t o  order  I 2 
L e t  us now s p l i t  the Hamil tonian densi ty  i n t o  i t s  i s o s c a l a r  and i sovec to r  p a r t  
3 C = X  + X a  
P 
The i s o s p i n  symmetry al lows t o  expand Xa 
X a = J t ( 0 ,  $ . . )a2+$  (p, $..) Iva12+.. 
(For the  sake o f  s i m p l i c i t y  we r e s t r i c t  ourselves t o  the f i r s t  two terms o f  the 
expansion although the  next  terms which conta in h igher  order  der i va t i ves  would no t  
a1 t e r  the f o l l o w i n g  demonstration). 
I I - 2. Proof 
-
I n  the absence o f  any const ra in t ,  the proton and neutron dens i t i es  are i d e n t i c a l .  To 
get  an asymmetry one had t o  impose 
The c o n s t r a i n t  (7) imp l ies  t h a t  t h e  l o c a l  asymptotic asymmetry "on the l e f t "  i s  
equal t o  a f i x e d  number I. Eq.(7) i s ,  i n  a one dimensional space, the counter p a r t  
o f  the  3 dimensional c o n s t r a i n t  
N-Z (which simply means t h a t  - A  = 0 ) .  Eqs . (5 )  and (7)  show t h a t  imposing an asymme- 
t r y  I i n  the semi i n f i n i t e  Auclear mat ter  i s  equ iva len t  t o  f i x i n g  the value o f  the 
neutron s k i n  (over I ) .  Denoting by ( )o  the energy per  p a r t i c l e  i n  the asymmetri- 
F 
cal  nuclear mat ter  and ( i),, the corFesponding q u a n t i t y  when I = 0, we have 
A t  equ i l i b r ium,  the quan t i t y  
must be s t a t i o n a r y  against  any v a r i a t i o n  o f  P and a . With respect  t o  a the Euler  
Lagrange equation gives (see eq. ( 6 ) )  
2& - 2 8 ' a '  - 20a" = 2.  
I (11) 
Since i s  a constant, i t  can be evaluated f o r  x =-m, where a' = a "  = 0, a =  Ipnm 
and 
so t h a t  we have 
, = ~ J I ~ .  (12) 
On the other  hand, the sur face tension o o f  the s lab  i s  def ined by : 
It should be noted t h a t  the d i f fe rence  between the surface tension a (eq.(13)) and 
C (1) (eq.( lO)) i s  
= J 1 t P, (146) 
This corresponds t o  the tens ion due t o  the cons t ra in t .  We are now on a p o s i t i o n  t o  
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prove r e l a t i o n  ( 1 ) .  I n  the semi i n f i n i t e  system, Eq . ( l )  reads 
Since up t o  terms o f  o rder  I2 , q i s  I-independent, the  hami l ton ian 
can be d i f f e r e n t i a t e d  w i t h  respect  t o  I and Eq.(15) i s  transformed i n t o  
Retu n ing  now t o  the Eu le r  Lagrange equation (11) where we replace y by i t s  value, 
2 J Is, a t  equ i l i b r ium,  we m u l t i p l y  both s ides by a, sub t rac t  2 12 J p and i n t e g r a t e  
by p a r t s  t o  ob ta in  
This r e l a t i o n  together  w i t h  Eq. (16) proves the D.M. r e l a t i o n  (15). 
We now make some comments on the above der i va t ion .  The second d e r i v a t i v e  Of  both 
sides o f  the Eq.( l4a) gives (us ing Eq.(15)) 
Eq.(17) shows t h a t  the symmetry energy per u n i t  area t a k i n g  i n t o  account the energy 
due t o  the c o n s t r a i n t  i s  e x a c t l y  opposed t o  the symmetry surface tension 06 (which 
i s  >O).  This i s  so because the symtretry tens ion due t o  the cons t ra in t  i s  e x a c t l y  
equal t o  - 2a6 . The f a c t o r  2 i s  n o t  accidental,  b u t  r e l a t e d  t o  the quadrat ic  depen- 
dence o f  3C on a .  
When deal ing w i t h  a mass formula for, f i n i t e  nuc le i ,  the surface symmetry c o e f f i c i e n t  
I. 
2 -- E E ( i  .e., the c o e f f i c i e n t  o f  I A 3 i n  the expansion o f  - ) must be ca lcu la ted  ss A 
from . It i s  negative as a r e s u l t  o f  the balance between the sur face symmetry 2 d12 
energy ( > 0)  and the loss  o f  energy due t o  the reshaping o f  the dens i t i es  responsi- 
b l e  o f  the format ion o f  a neutron s k i n  ( o r  equ iva len t l y ,  i n  f i n i t e  nuc le i ,  because 
o f  the conservat ion o f  N-Z, a decreasing of 6 ( r )  i n  the bu lk  o f  the nucleus from I 
tax). Since u = p 6 ,  Eq.(15) may be w r i t t e n  
and appears as the symmetry energy o f  nuc lear  mat ter  per  u n i t  area weighted by the 
average o f  the excess o f  l o c a l  asymmtry ( f  - l ) p  . C l e a r l y  any approximation which 
N Z ignores the neutron s k i n  ( l i k e  the standard one : p = - p , p = - p ) i s  meaningless 
n A  P A  
f o r  such ca lcu la t ions .  I n  a previous work /3/ we have der ived the approximate r e l a -  
ti on 
where E&(P)  represents the volume p a r t  o f  2 ( i  .e., the p a r t  independent o f  the 
I-' de r i va t i ves  w i t h  respect  t o  a). I n  Eq.(19) a6 a lso  appears as an average over the 
surface region o f  the de fec t  o f  symmetry energy r e l a t i v e  t o  the volume symmetry ener- 
gy. It should be stressed t h a t  formula (19) i s  on ly  a rough approximation ; i t s  
advantage as compared t o  the exact  r e l a t i o n  (18) i s  t h a t  i t  does n o t  r e q u i r e  the 
knowledge o f  the e q u i l i b r i u m  dens i t i es  i n  the asymmetrical slab. We now show how a& 
i n  Eq.(18) can be evaluated. 
111 - CALCULATION OF THE SURFACE SYMMETRY TENSION 
111 - 1. c-d 
We cons t ruc t  our densi ty  hami l ton ian JC using Skyrme forces and some crude v a r i a n t  
o f  the Extended Thomas Fermi (ETF) approximation ; the k i n e t i c  energy dens i t i es  T 
are approximated as fo l lows  : q 
We then so lve numer ica l ly  the two coupled Eu le r  Lagrange equat ions( in  pn and pp), 
us ing a pseudo l i n e a r i z a t i o n  method analog t o  t h a t  used i n  r e f  ./4/. 
The r e s u l t s  are i l l u s t r a t e d  i n  F ig.  1. We have ca lcu la ted  a& us ing 3 d i f f e r e n t  me- 
thods. The po in ts  correspond t o  the q u a n t i t y  O(I)-a(O) , the crosses t o  _ ( I )  - 2 
and the squares i n d i c a t e  the val ues20f obtainea v i a  the DM c a l c u l a t i o n  (15) .  12 
The three ex t rapo la ted  values f o r  I + O  agree w i t h i n  1%. Obviously the c a l c u l a t i o n  
using the neutron s k i n  i s  much more accurate. I t  on ly  requi res a f i r s t  order  der iva-  
ti ve . 
Fig. 1 - Ca lcu la t ion  o f  the surface symmetry tens ion 
Performing such a c a l c u l a t i o n  f o r  various Skyrme forces, we obtained the r e s u l t s  of 
Table 1. 
Table 1 - Surface symmetry c o e f f i c i e n t  f o r v a r i o u s  Skyrme forces (Spin-Orbi t  force i s  
inc luded)  . 
S I I  
- E  [MeV]  / 59.4 S S I 
S I I I  
35.5 
SV 
95.6 
- SIV 
67.3 
SVI 1 Ska 
27.9!75.8 I 
SkM 
56.4 
S ~ M *  
55.3 
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IV - THE CASE FOR FINITE NUCLEI 
From the theoretical point of view two problems a r i se  i ) as already explained the 
existence of t_he neutron skin wi 11 induce a decrease of the local asymmetry, 6 , a t  
the center ( 6  < I  ) ; i i )  since the Coulomb force does not sa tura te ,  i t  can only be 
treated perturbatively. Indeed the densities though smooth or smoothed are  not 
decreasing functions of r ,  and the sharp equivalent radii cannot any more be calcu- 
lated from p (0 ) .  4 
In the absence of the Coulomb force, using a demonstration similar to the previous 
one, we have shown that  
where R i s  the equivalent sharp radius, A the mass number and L E a small correction 
to J because the density a t  the center i s  no more prim but p,  = pnm (1 - 3 ~ ) .  
 PI 
( = 3pn, ). Eq.(20) i s  the D.M. formula in  the f i n i t e  case, but i t s  deriva- 
tion was not 2; straightfotward as in the semi in f in i t e  case. Somehow one has now 
i )  t o  introduce the f a c t  t ha t  b/R i s  a small quantity as compar d to 1 (b i s  the ? surface thickness), i i )  to neglect p " ( ~ )  compared to P ( @ )  / R , i i i )  to write 
the symmetry energy of the f i n i t e  nucleus 
- 
The knowledge of 6 gives directly t because of the conservation of N-Z I 
Table 2 displays our preliminary results  with a se l f  consistent calculation done as 
in the previous case but f o r  a f i n i t e  mass number 
Table 2 - Comparison between (D.M.) predictions and self-consistent  
calculation. 
The subscript ( D M )  indicates the predictions of the D . M . ,  
( s c )  the resul t  of the se l f  consistent calculation. 
-- 
We observe a growing disagreement between DM and s c  calculations as A increases. 
Obviously a small e r ro r  on 5 induces a larger one on (see Eq . (22))  
I I 
- 
because 1-6 i s  small .  Indeed, as becomes la rger ,  the r e l a t i o n  (20) i s  b e t t e r  I 
s a t i s f i e d ,  b u t  the numerical v e r i f i c a t i o n  i s  more de l i ca te .  We leave f o r  a f u r t h e r  
work the p o i n t  whether o r  n o t  t h i s  disagreement i s  i n d i c a t i v e  o f  a d e f a u l t  o f  the 
D.M. theory. 
V - CONCLUDING REMARKS 
1. I n  the semi i n f i n i t e  medium, the v a l i d i t y  o f  the D.M. concernins the neutron 
s k i n  i s  proved i n  the framework o f  very general condi t ions.  
2. A c lea r  d i s t i n c t i o n  must be made between the surface tens ion o f  the system as a 
whole ( i . e . ,  w i t h  the cons t ra in t  i n s u r i n g  i t s  asymmetry) and the tension o f  the 
surface i t s e l f .  
3. The p roo f  o f  the corresponding formula i n  the f i n i t e  case, even w i thou t  Coulomb 
force, seems t o  requ i re  some add i t i ona l  hypothesis. 
4. The d e r i v a t i o n  o f  the sharp r a d i i  i s  n o t  s t ra igh t fo rward  a t  a l l  : one has t o  
smoath i t  and t o  t r e a t  p roper l y  t h e  Coulomb e f f e c t .  Th is  cannot be done simply by 
using the "best Fermi" func t ion  /5/.  
Indeed, the D.M. Model i s  a theory and as such cannot be ser ious ly  disregarded 
w i thou t  t h e o r e t i c a l  c r i t i c i s m .  Whether t h i s  i s  ,or not,  the case remalns so f a r  unc lear  fo r  us 
But i t  i s  the on ly  way t o  lea rn  something. 
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